In this paper, we first introduce the notion of Hom-left-symmetric conformal bialgebras and show some nontrivial examples. Also, we present construction methods of matched pairs of Hom-Lie conformal algebras and Homleft-symmetric conformal algebras. Finally, we prove that a finite Hom-leftsymmetric conformal bialgebra is free as a C[∂]-module is equivalent to a Homparakähler Lie conformal algebra. In particular, we investigate the coboundary Hom-left-symmetric conformal bialgebras.
INTRODUCTION
Left-symmetric algebras are a class of Lie-admissible algebras whose commutators are Lie algebras. They arose from the study of convex homogeneous cones, affine manifolds and affine structures on Lie groups. Burde gave a survey about left-symmetric algebras which play an important role in many fields in mathematics and mathematical physics such as vector fields, rooted tree algebras, words in two letters, vertex algebras, operad theory, deformation complexes of algebras, convex homogeneous cones, affine manifolds,
Preliminaries
Throughout the paper, all algebraic systems are supposed to be over a field C, and denote by Z + the set of all nonnegative integers and by Z the set of all integers.
In this section we recall some basic definitions and results related to our paper from [10] and [13] . Here (gc(V ), ψ) is called the general Hom-Lie conformal algebra of V .
Parakähler Hom-Lie conformal algebras
In this section, we introduce the definition of a parakähler Hom-Lie conformal algebra and study the parakähler Hom-Lie conformal algebra in terms of Hom-left-symmetric conformal algebras. 
satisfying the following axioms
for any a, b, c ∈ A.
A Hom-left-symmetric conformal algebra (A, α) is called finite if A is a finitely generated C[∂]-module. The rank of A is its rank as a C[∂]-module. 
for any a, b, c ∈ R.
Remark 2.4. By (2.1), the following equalities always hold.
Moreover, by the equalities above and (2.3), we have
The following result is easily shown.
Proposition 2.5. Let (A, α) be a Hom-left-symmetric conformal algebra. Then the λ-bracket
define a Hom-Lie conformal algebra (g(A), α), which is called the sub-adjacent Hom-Lie conformal algebra of (A, α). (A, α) is also called the compatible Hom-left-symmetric conformal algebra structure on the Hom-Lie conformal algebra (g(A), α),
. Then we have a compatible Hom-left-symmetric conformal algebra (g(A), α) with a λ-bracket:
Suppose that there is a conformal bilinear form on a C[∂]-module V . Then we have a 
Then (R, α) is a symplectic Hom-Lie conformal algebra with a conformal bilinear form ω λ :
Example 2.9. Let (g, α, ω) be a symplectic Hom-Lie algebra. Then (Curg, ω λ ) is a symplectic Hom-Lie conformal algebra with a nondegenerate skew-symmetric conformal bilinear form ω λ : 
Proof. For any a, b, c ∈ R, we have
Therefore, (R, α) is a Hom-left-symmetric conformal algebra. 
Proposition 2.13. Let (R, R 0 , R 1 , ω λ , α) be a parakähler Hom-Lie conformal algebra. Then (2.4) defines a compatible Hom-left-symmetric conformal algebra structure on (R, α).
Proof. Directly from Proposition 2.9.
Matched pairs of Hom-left-symmetric conformal algebras
In this section, we study the matched pairs of Hom-Lie conformal algebras and Homleft-symmetric conformal algebras.
Proposition 3.1. [14] Let (R, α) be a Hom-Lie conformal algebra and (M, β) a module over R. Then the C[∂]-module (R ⊕ M, α + β) can be endowed with a Hom-Lie conformal algebra structure as follows:
for any a, b ∈ A and u, v ∈ M . Denote this Hom-Lie conformal algebra by R ⋉ M . 
for any x, y ∈ R and a, b ∈ R ′ . Then their is a Hom-Lie conformal algebra structure on
for any x, y ∈ R and a, b ∈ R ′ . We denote this Hom-Lie conformal algebra by R ⊲⊳ R ′ . If (R, R ′ , α, a ′ , ρ, σ) satisfying the above conditions, then we call it a matched pair of Hom-Lie conformal algebras.
Proof. For any x, y, z ∈ R and a, b, c ∈ R ′ , we get
By direct computation, R( 
for any a, b ∈ A and m ∈ M .
β) is a module if and only if (A ⊕ M, α + β) is a Hom-left-symmetric conformal
algebra with the λ-product
for any a, b ∈ A and u, v ∈ M . We denote it by A ⋉ l A ,r A M .
Proof. Similar to Proposition 3.1.
Proof. We only show that (2) holds. To prove (2), we need to show that ρ(
And finish this proof. 
If in addition, 12) for any a, b ∈ A, a * ∈ A * , f ∈ M * c and u
Proof. Let ρ * = l * A − r * A . According to (3.6) and (3.7), we have
that is (3.1) holds for l * A − r * A . Similarly, (3.1) holds for −r * A . According to (3.8)-(3.10), we have 
for any x, y ∈ A and a, b ∈ B. Then there is a Hom-left-symmetric conformal algebra on the C[∂]-module A ⊕ B given by
for any x, y ∈ A and a, b ∈ B.
We denote this Hom-left-symmetric conformal algebra by (A ⊲⊳ B, α + γ). And (A, B, l
A , r A , l B , r B ,
α, γ) satisfying the above conditions is called a matched pair of Hom-left-symmetric conformal algebras.
Proof. Similar to Proposition 3.2. 
for any x, y ∈ A and a, b ∈ B. Then the C[∂]-module A ⊕ B given by
Therefore, its sub-adjacent Hom-Lie conformal algebra is given by
for any x, y ∈ A and a, b ∈ B. 
Similarly, we have
By direct computation , we have
by letting η = µ, ω = −λ and θ = ν − λ − µ. Therefore, (3.1)⇔ (3.12), Similarly, we get 
Hom-left-symmetric conformal bialgebras
In this section, we introduce the notion of a Hom-left-symmetric conformal bialgebra, which is equivalent to the parakähler Hom-Lie conformal algebra. In particular, we investigate the coboundary Hom-left-symmetric conformal bialgebras. 
where τ 12 (x ⊗ y ⊗ z) = y ⊗ x ⊗ z for any x, y, z ∈ A. 
where
Proof. It is easy to check that (2.1) holds, we only check that
For this, we calculate
where δ(r (1) ) = r (11) ⊗ r (12) and δ(r (2) ) = r (21) ⊗ r (22) . Then A * c = Chom(A, C) is a Hom-left-symmetric conformal algebra.
Proposition 4.3. Let (A, α) be a Hom-left-symmetric conformal algebra which is free of finite rank, that is
, where e * i is a dual C[∂]-basis of A * c in the sense that (e * i ) λ e j = δ ij , is a Hom-left-symmetric conformal coalgebra with the following coproduct
Proof. Similar to [7] . Let (A, α) be a Hom-left-symmetric conformal algebra, we know that (A ⊗ A, φ A ) is a module over g(A), we consider the reduced complex for the g(A)-module (A ⊗ A, φ A ). The details about cohomology of Hom-conformal algebras can be referred to [14] . A 1-cochain is the map δ : A → (A ⊗ A) [λ] such that δ λ (∂a) = −λδ λ (a). A 1-cochain is the map
If δ is a C[∂]-module homomorphism and satisfies (4.2), we say δ is a 1-cocycle of g(A) associated to (A ⊗ A, φ A ). 
matched pair of Hom-Lie conformal algebras if and only if
Proof. Let e 1 , ..., e n be a C[∂]-basis of A and e * 1 , ..., e * n the dual
Let α(e i ) = s f (∂)e s , α(e t ) = n g(∂)e n , α(e l ) = n h(∂)e m . Hence the coefficient of e m ⊗ e n gives the following relation
where ∂ ⊗ 2 = ∂ ⊗ 1 + 1 + ∂, which is precisely the relation given by the coefficient of e n in
It is just the condition for (g(A), 
We denote this Hom-left-symmetric conformal bialgebra by (A, A * c , ϕ, ψ). By Theorem 3.11 and Theorem 4.4, we have the following proposition. ( 
for any a ∈ A, where
where Proof. For any a ∈ A, we only need to prove that J δ (a) = (α ⊗ δ)δ(a) − τ 12 (α ⊗ δ)δ(a) − (δ ⊗ α)δ(a) − τ 12 (δ ⊗ α)δ(a).
We will repeat using α ⊗ 2 (r) = r, by computation, we have On the other hand, we have
